Abstract. An associated Nijenhuis tensor of endomorphisms in the tangent bundle is introduced. Special attention is paid to such tensors for an almost hypercomplex structure and the metric of Hermitian-Norden type. There are studied relations between the six associated Nijenhuis tensors as well as their vanishing. It is given a geometric interpretation of the vanishing of these tensors as a necessary and sufficient condition for the existence of a unique connection with totally skew-symmetric torsion tensor. Similar idea is used in the paper of T. Friedrich and S. Ivanov in Asian J. Math. (2002) for some other structures. Finally, an example of a 4-dimensional manifold of the considered type with vanishing associated Nijenhuis tensors is given.
Introduction
The main problem of the differential geometry of manifolds with additional tensor structures and metrics is the studying of linear connections with respect to which the structures and the metrics are parallel. Such connections are also known as natural for the considered manifolds. Natural connections with totally skew-symmetric torsion are an object of interest in theoretical and mathematical physics; for example, in string theory, in supergravity theories, in supersymmetric sigma models with Wess-Zumino term (see [3] and references therein).
The object of study in the present work are almost hypercomplex manifolds. The vanishing of the Nijenhuis tensors as conditions for integrability of the manifold are long-known ( [21] ).
The most popular case of investigations of the considered manifold is the case of an almost hypercomplex manifold equipped with a Hermitian metric, i.e. the three almost complex structures act as isometries with respect to the metric in each tangent fibre (cf. [1] ).
An interesting counterpart of the Hermitian metric is the Norden metric, i.e. when the almost complex structure acts as an antiisometry with respect to the metric on the tangent bundle. This metric is pseudo-Riemannian of neutral signature and its associated (0,2)-tensor with respect to the almost complex structure is also a Norden metric unlike in the Hermitian case it is the Kähler form. In another point of view, the pair of the associated Norden metrics are the real and the imaginary parts of a complex Riemannian metric ( [14, 19, 6] ). The basic classifications of the almost complex manifolds with Hermitian metric and with Norden metric are given in [7] and [5] , respectively.
In the case of metrics of Hermitian and Norden types, the almost hypercomplex structure (J α ) (α = 1, 2, 3) and the metric g generate one almost complex structure with pseudo-Riemannian Hermitian metric (for α = 1) and two almost complex structures with Norden metrics (for α = 2; 3). Almost hypercomplex manifolds with metrics of Hermitian and Norden types are studied in [9, 8, 15, 17] .
The geometry of a metric connection with totally skew-symmetric torsion preserving the almost hypercomplex structure with Hermitian metric is introduced in [11] . A connection of such type, considered on almost hypercomplex manifolds with Hermitian and Norden metrics, is investigated in [17] .
According to [3] , on an almost Hermitian manifold, there exists a linear connection which has a totally skew-symmetric torsion preserving the almost complex structure and the Hermitian metric if and only if the Nijenhuis (0,3)-tensor is a 3-form. These manifolds form the class G 1 of the cocalibrated structures, according to [7] .
In [20] , it is proved that there exists a linear connection with totally skew-symmetric torsion preserving the almost complex structure and the Norden metric if and only if the manifold is quasi-Kählerian with Norden metric or it belongs to the class W 3 in the classification in [5] . Moreover, this class is determined by the condition for vanishing of the associated Nijenhuis tensor ( [5] , [16] ).
The goal of the present work is to introduce of an appropriate tensor on an almost hypercomplex manifold and to establish that its vanishing is a necessary and sufficient condition for the existence of a linear connection with totally skew-symmetric torsion preserving the almost hypercomplex structure and the metric of Hermitian-Norden type.
The associated Nijenhuis tensors of endomorphisms on the tangent bundle of a pseudo-Riemannian manifold
Let us consider a differentiable manifold M. As it is well known ( [13] ), the Nijenhuis tensor [J, K] for arbitrary tensor fields J and K of type (1,1) on M is a tensor field of type (1,2) defined by
where [X, Y ] is the commutator for arbitrary differentiable vector fields X, Y on M, i.e. X, Y ∈ X(M).
As a consequence, the Nijenhuis tensor [J, J] for arbitrary tensor field J is determined by
If J is an almost complex structure, the Nijenhuis tensor of J is determined by the latter formula for J 2 = −I, where I stands for the identity.
Let us suppose that g is a pseudo-Riemannian metric on M and ∇ is the Levi-Civita connection of g. Then, the symmetric braces {X, Y } are defined as {X,
where X, Y, Z ∈ X(M) [18, 12] . Besides, in [16] , we define the following symmetric (1,2)-tensor in analogy to (2) by Bearing in mind (1), we define the following tensor of type (1,2) for tensor fields J and K of type (1,1):
Obviously, it is symmetric with respect to tensor (1,1)-fields, i.e.
Moreover, it is symmetric with respect to vector fields, i.e.
{J, K}(X, Y ) = {J, K}(Y, X).
We call the tensor {J, K} as the associated Nijenhuis tensor of J and K, the tensors of type (1,1) on (M, g).
In the case when J or K coincides with the identity I, then (3) yields that the corresponding associated Nijenhuis tensor vanishes, i.e. For the case of two identical tensor (1,1)-fields, (3) implies
Let L be also a tensor field of type (1,1) and S be a tensor field of type (1, 2) . Further, we use the following notation of Frölicher-Nijenhuis from [4] 
According to [21] , the following properties of the latter notation are valid
Lemma 2.1. For arbitrary endomorphisms J, K and L in X(M) and the relevant associated Nijenhuis tensors, the following identity holds
Proof. Using (3), (6) and (7), we get consequently
The associated Nijenhuis tensors of the almost hypercomplex structure and a pseudo-Riemannian metric
Let (M, g) be a differentiable manifold of dimension 4n and a pseudoRiemannian metric g on it. The manifold M admits an almost hypercomplex structure (J 1 , J 2 , J 3 ), i.e. a triple of almost complex structures satisfying the properties:
for all cyclic permutations (α, β, γ) of (1, 2, 3), where I denotes the identity ( [2] , [1] ).
3.1.
Relations between the associated Nijenhuis tensors. The presence of three almost complex structures implies the existence of six associated Nijenhuis tensors -three for each almost complex structure and three for each pair of almost complex structures -namely
In the present section we examine some relations between them, which we use later.
Lemma 3.1. The following relations between the associated Nijenhuis tensors of an almost hypercomplex manifold are valid:
Proof. The identity (10) for J = K = J 1 and L = J 2 has the form in (12) , because of J 1 J 2 = J 3 from (11) and (4).
On the other hand, (10) for J = J 2 and K = L = J 1 implies
Next, applying J 2 1 = −I, J 2 J 1 = −J 3 , which are corollaries of (11), as well as (4) and (5), we obtain (13) .
By virtue of (12) and (13) we get (14) . Next, setting J = K = J 2 and L = J 1 in (10), we find
which is equivalent to (15) , taking into account (4) and
On the other hand, setting J = J 1 and K = L = J 2 in (10), we find
and applying (5) and J 1 J 2 = J 3 , we have (16) . By virtue of (15) and (16) we get (17) . Now, setting J = J 3 , K = J 1 and L = J 2 in (10) and applying (4), we have (18) .
The equality (18) and the resulting equality from it by the substitutions J 3 , J 1 , J 2 for J 1 , J 2 , J 3 , respectively, imply (19) and (20) .
At the end, the identity (10) for J = K = L = J 2 implies (21) because of (5).
3.2.
Vanishing of the associated Nijenhuis tensors. In this subsection we focus our study on sufficient conditions for the vanishing of all associated Nijenhuis tensors.
As proof steps of the relevant main theorem, we need to prove a series of lemmas.
Proof. The formulae (12) and (14) , because of {J 1 , J 1 } = 0, imply respectively
Similarly, since {J 2 , J 2 } = 0, the equalities (15) and (17) take the corresponding form
We set {J 1 , J 1 } = 0, {J 2 , J 2 } = 0, (22) and (24) in (20) and obtain
The latter equality is equivalent to
because of the following corollaries of (7) and the identities
According to (9) , (23), (25) and (27), the equality (26) yields
Next, (22) and (24) imply {J 3 , J 1 } = 0 and {J 2 , J 3 } = 0, respectively. Finally, since {J 1 , J 1 }, {J 2 , J 2 }, {J 2 , J 3 } and {J 3 , J 1 } vanish, the relation (19) yields {J 3 , J 3 } = 0.
Proof. Setting J = K = J 2 and L = J 3 in (10), using J 2 J 3 = J 1 and (4), we obtain
Since {J 1 , J 2 } = 0, we get
The condition {J 1 , J 2 } = 0 and (16) imply
The latter equality and (28), using J 2 J 1 = −J 3 , yield
On the other hand, setting S = {J 2 , J 2 }, J = J 1 and K = J 2 in (8) and using
However, since {J 1 , J 2 } = 0, then (17) and (18) imply respectively
Now, substituting (21) and (31) into (30), we obtain
and applying (9), we have
In the latter equality, applying (21), (31) and
Comparing (29) and (32), we conclude that
which is equivalent to {J 2 , J 2 } = 0 by virtue of J 2 3 = −I. This completes the proof of the first assertion in the lemma.
Combining it with Lemma 3.2, we establish the truthfulness of the whole lemma.
Proof. From (13) and the vanishing of {J 1 , J 2 } and {J 3 , J 1 }, we get
which is equivalent to {J 1 , J 1 } = 0. Now, combining the latter assertion and Lemma 3.3, we have the validity of the present lemma.
Proof. Firstly, from (12) and
Secondly, setting J = K = J 2 and L = J 3 in (10) and using J 2 J 3 = J 1 , {J 1 , J 1 } = {J 2 , J 3 } = 0 and (4), we get
On the other hand, setting J = L = J 2 and K = J 3 in (10), using the assumptions, as well as J (5), we find
Moreover, the formula (20) and
The latter equality, (33) and (34), using J 2 J 1 = −J 3 , (7) and (9), imply
and therefore
By virtue of (34), (35) and (9), we get
On the other hand, (21) and (36) imply
which is equivalent to {J 2 , J 2 } = 0 and the first assertion in the present lemma is proved.
Combining it with Lemma 3.2, we obtain the validity of the rest equalities. Now, we are ready to prove the main theorem in the present section. 
vanish, then the others also vanish.
Proof. The truthfulness of this theorem follows from Lemma 3.2, Lemma 3.3, Lemma 3.4 and Lemma 3.5.
Almost hypercomplex manifolds with metrics of Hermitian-Norden type having vanishing associated Nijenhuis tensors
Let g be a pseudo-Riemannian metric on an almost hypercomplex
where
Then, we call that the almost hypercomplex manifold is equipped with an HN-metric structure (HN is an abbreviation for Hermitian-Norden). Namely, the metric g is Hermitian for α = 1, whereas g is a Norden metric in the cases α = 2 and α = 3 ([8], [17] ). Let us consider (M, J 1 , g) in the class G 1 (the so-called cocalibrated manifolds with Hermitian metric), according to the classification in [7] , as well as (M, J α , g), α = 2; 3, in the class W 3 (the so-called quasi Kähler manifolds with Norden metric), according to the classification in [5] . The mentioned classes are determined in terms of the fundamental tensors F α , defined by F α (x, y, z) = g((∇ x J α )y, z) as follows:
It is known from [7] that the class G 1 of almost Hermitian manifolds (M, J 1 , g) exists in general form when the dimension of M is at least 6. For dimension 4, G 1 is restricted to its subclass W 4 , the class of locally conformally equivalent manifolds to Kähler manifolds. According to [5] , the lowest dimension for almost Norden manifolds in the class W 3 is 4. Thus, the almost hypercomplex HN-metric manifold belonging to the classes
The tensors F α (α = 1, 2, 3) have the following basic properties caused by the structures
Let the corresponding tensors of type (0,3) with respect to g be denoted by
The tensors [J α , J α ] and {J α , J α } can be expressed by F α , as follows:
In the case α = 2; 3, the latter formulae are given in [5] , as {J α , J α } coincides with the tensor N introduced there by an equivalent equality of (40).
In [7] , it is given an equivalent definition of G 1 by the condition the Nijenhuis tensor [J 1 , J 1 ](x, y, z) to be a 3-form, i.e. The following assertions are equivalent:
There exists a linear connection with totally skew-symmetric torsion preserving the structure (J 1 , g) and this connection is unique.
Proof. First it has to prove the following relation
We compute the right hand side of (42) using (39). Applying (38) and their consequence (43)
we obtain
Using again (43) and the first equality in (38), we establish that the right hand side of the latter equality is equal to {J 1 , J 1 }(x, y, z), according to (40) for α = 1. Thus, (42) is valid. The relation (42) implies the equivalence between (i) and (ii), whereas the equivalence between (ii) and (iii) follows from Theorem 10.1 in [3] .
Theorem 4.2. The vanishing of two of the six associated Nijenhuis tensors for an almost hypercomplex structure is a necessary and sufficient condition for existing a linear connection with totally skew-symmetric torsion preserving the almost hypercomplex HN-metric structure.
Proof. From Theorem 4.1 and (41), we obtain that the manifolds in the class G 1 (J 1 ) are characterized by the condition {J 1 , J 1 } = 0.
For almost Norden manifolds it is known from [5] that the manifolds in the class W 3 (J 2 ) (respectively, W 3 (J 3 )) are characterized by the condition {J 2 , J 2 } = 0 (respectively, {J 3 , J 3 } = 0).
In [17] , it is proved that if an almost hypercomplex HN-metric manifold is in W 3 (J 2 ) and W 3 (J 3 ), then it belongs to G 1 (J 1 ).
From Theorem 3.6 we have immediately that if two of associated Nijenhuis tensors {J 1 , J 1 }, {J 2 , J 2 }, {J 3 , J 3 } vanish, then the third one also vanishes. Thus, we establish that if an almost hypercomplex HNmetric manifold belongs to two of the classes G 1 (J 1 ), W 3 (J 2 ), W 3 (J 3 ) with respect to the corresponding almost complex structures, then it belongs also to the third class.
By virtue of Theorem 3.6, Theorem 4.1 and the comments above, we obtain the validity of the statement.
A 4-dimensional example
In [8] , it is considered a connected Lie group G with a corresponding Lie algebra g, determined by the following conditions for the global basis of left invariant vector fields {X 1 , X 2 , X 3 , X 4 }:
where λ i ∈ R (i = 1, 2, 3, 4) and (λ 1 , λ 2 , λ 3 , λ 4 ) = (0, 0, 0, 0). The pseudo-Riemannian metric g is defined by
(44) g(X 1 , X 1 ) = g(X 2 , X 2 ) = −g(X 3 , X 3 ) = −g(X 4 , X 4 ) = 1, g(X i , X j ) = 0, i = j.
There, it is introduced an almost hypercomplex structure (J 1 , J 2 , J 3 ) on G as follows:
and then (11) are valid.
In [10] , it is constructed the manifold (G, J 2 , g) as an example of a 4-dimensional quasi-Kähler manifold with Norden metric.
The conditions (44) and (45) imply the properties (37) and therefore the introduced structure on G is an almost hypercomplex HN-metric structure. Hence, it follows that the constructed manifold is an almost hypercomplex HN-metric manifold. Moreover, in [8] , it is shown that this manifold belongs to basic classes W 4 (J 1 ), W 3 (J 2 ), W 3 (J 3 ) with respect to the corresponding almost complex structures.
Bearing in mind the previous two sections, here we consider an example of a 4-dimensional manifold with vanishing associated Nijenhuis tensors for the almost hypercomplex structure. Therefore, in view of Theorem 4.2, there exists a linear connection with totally skew-symmetric torsion preserving the almost hypercomplex HN-metric structure.
